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1. INTRODUCTION

A classical problem in complex analysis consists in finding the distance
of a function fe L™ on the unit circle T to H*, the space of functions which
extend to a bounded holomorphic function in the unit disk [D. It is closely
related to some other questions, such as the Pick—Nevanlinna problem of
minimizing the supremum norm over the set of bounded holomorphic
functions in D, subject to a finite or infinite set of interpolation conditions
[8-10] or the problem of secking the largest circular domain of a positive
harmonic function whose first Taylor coefficients are given [2].

The problem has a remarkable variety of applications, especially in
systems engineering. Recent heightening of theoretical interest was brought
about by results of Adamyan, Arov, and Krejn [1] on an equivalent
problem in operator theory. Nowadays a series of related interpolation and
approximation problems can be handled by several alternative mathemati-
cal approaches in a unified treatment (problems with matrix-valued
functions included, cf. [7, 14], introduction, for instance).

Much less is known about a far-reaching generalization of the above
problem, which was brought into discussion in the recent paper [6] by
J. W. Helton and R. E. Howe (Unfortunately, this paper is not available to
me at present, therefore I refer to [5]). The authors study the following
optimization problem: Given a function F: T x C¥ — R, find

inf sup F(¢, w(?)), (1.1)

wel yeT

where E = (H® n C)" denotes the space of all continuous C"-valued func-
tions on T with holomorphic continuation into . Assuming the existence
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of a continuous optimum wq for (1.1) they show that in effect this solution
can be characterized by two properties:

(1) F(t, wo(2)) = const, {1.2)
@) wind 2L (- wy( )=k =1 (1.3)
ow

(N =1, wind denotes the winding number about the origin of a complex-
valued nonvanishing function on T). Under the assumptions that
F(1, f(¢))=0 and F(t, w)>0 for w+ (1), it makes sense to consider (1.1}
as a generalized distance of the function f to E, where E=H™ is of
particular interest.

In the present paper we propose a new approach for determining (1.1)
(with N=1 and E=H>), which is based on recent results about
parameter-depending boundary value problems [13]. This method gives
not only the characterization (1.2), (1.3) but also the existence and unique-
ness of a continuous optimum w, under some quite general assumptions on
the distance function F. Note that w, is the optimum over the whole space
H® and not only over H® n C. Moreover, we prove Helton’s conjecture
[5, p. 3627 that k=1 in (1.3) for generic functions F.

2. BOUNDARY VALUE PROBLEMS OF RIEMANN-HIrBERT TYPE

We begin by sketching some ideas concerning a class of nonlinear
boundary value problems of complex analysis. Let {M,}, ; denote a
family of curves in the complex plane. We introduce the set i of ail
manifolds

M=) {{}xM,cTxC (2.1)
teT
subject to the following hypotheses.

(i) For each teT the curve M, is homeomorphic to T.
(i) The manifold M is a C'-submanifold of T x C.
(i) M is transversal to each plane {7} xC (teT).

For given M eI, the following boundary value problem is considered:
Find all functions w=u+ive H* n C holomorphic in the unit disk D
which satisfy the boundary relation

w(t)e M,, VieT. {22)
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Problems of this type are frequently called Riemann-Hilbert problems
(RHP). In this paper we only deal with problems pertaining to closed
curves M,. Another class of problems addresses open curves M,.

The list of references concerning RHP’s for closed curves M, is com-
parably small (an exception is, of course, the problem of conformal map-
ping involved in this case). Above all a paper by A. I. Snire'man [117] must
be mentioned. Snirel’'man describes the solution set under the additional
assumption that O eint M,, V¢ e T. Further generalizations are due to M. A.
Efendiev [3,4]. In [12], the author proved existence results by means of
Leray—Schauder techniques and discussed the influence of the condition
0 eint M,. Furthermore, in {137, a connection between RHP’s and a class
of extremal problems was pointed out.

Before summarizing relevant results, some notations must be introduced.
We denote the bounded and the unbounded component of C\ M, by int M,
and ext M,, respectively. A similar definition is made for int M and ext M.
Further, for each £¢>0, let

int, M, :=int M, {weC :dist(w, M,) <&},

int_, M,:=int M,n {weC :dist(w, M,)>¢}.

For e R we put

int, M:= ) {¢} xint, M,.

reT

If Mye9 and £>0 then
U,(M,):={MeM:int_, Mycint M cint, M,}.

The local base {U,(My)},- o of neighborhoods of M, makes I become a
Hausdorlf space.
We define the trace tr f of a function fe C(T) by

trf={) {1} x{f(1)}cTxC.

Note that every function we H* n C is uniquely determined in D by its
trace through the Poisson integral formula. The boundary condition (2.2)
can now be written in the form

trwe M. (2.3)

For any solution we H* n C of the RHP (2.3) we define the winding
number

wind ,, w := wind(w — m) (2.4)
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of w with respect to M. Here me C(T) is an arbitrary continuous function
with tr mcint M. The “wind” on the right of (2.4) refers to the usual
winding number about the origin. The solution set W(M)c H*nC
of (2.3) splits into the classes

W (M) :={we W(M):wind,, w=k}, keZ.

If no confusion is possible, we sometimes write W and W, instead of W(M)
and W, (M), respectively.

With regard to the solvability of the RHP, the following definition is
given: The manifold M e M is called regularly (holomorphically) traceabie
if there exists a function wyoe H* n C with

tr wo < int M. {2.5)

The manifold M € M is said to be singularly (holomorphically) traceable if
it is not regularly traceable but there exists a woe H* n C with

tr wy < clos int M {2.6)

(clos denotes the closure of a set).

If MeIM is neither regularly nor singularly traceable, we call it non-
traceable.

Finally we define

AM):={weH* :w(t)eclosint M,aec.onT}.

Sometimes the notation 4(M) is simply replaced by 4.

After these preparations relevant results of [12, 137 concerning the
solvability of the considered RHP can bé¢ summarized. The sign # denctes
cardinality.

THEOREM 1. For every M eI the following assertions hold:

(i) M is regularly traceable
<Jk=0:#W, >0
<> Vk20: #W,>0
< #A>1
=Vk<0:#W,=0.
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(ii) M is singularly traceable
< 3ko<0: #Wy,>0
<> #A4=1
A=Wy ={w.}, woe H*n C
=>Vh#tky: #W,=0.

(iii) M is nontraceable

<VkeZ: #W,=0
< #A4=0.

The theorem suggests a finer decomposition of M. For each ke Z, we
define
M= {MeW: #W_(M)>0}
and put
M, :={MeM: #W(M)=0}.
Thus the class of singularly traceable M is split into several subclasses.

Our first lemma concerns the stability of the relation M e, under
small perturbations of M.

LemMa 1. I, is an open subset of M.
Proof. Let MyeW,, woe H® N C, tr wycint M,,. Then we have
g = inf dist(wy(2), My,) > 0.
teT

Therefore, for each MeU/(M,), it follows that trw,cint M, ie.,
MeW, 1

Our next intention is to examine how the membership of M to the
classes 9, is changed by elementary transformations of M. As a shorthand
we introduce the notation (f, ge C(T))

M+g:={(t,w)eTxC:[f(2)] " (w—g(t))e M,}.
If f(t) #£0, then M eI implies that fM + g e M. Further

ttwecMetr(fw+g)cfM+g
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and
wind,, (fw+ g) = wind,, w + wind f.

LemMMA 2. Let 1 <k < 0. Then the following implications hold.
(1) Memtozl‘MGEUz0>
(i) MeM, =>tMecIR,_,.

Proof. Let woe H°nC be a given function and put w{z) :=zwy{z}h
Then we have

tr wy < int M = tr w, = int(t M), (2.7}
trwgc M, wind,, wo=—k=trw,ctM, wind,, w,=—k+1. (2.8}

Assertion (i) follows from (2.7); assertion (i1) can easily be derived from
(2.8) and from Theorem 1(ii). |}

LemMMA 3. Suppose Me W (1<k<o0), W_ (M)={wy}. Then

(i) wo(0)=0<1""Me,, ,,
(il) wo(0)#0<t 'MeM,,.

Proof. (1) If t7'M¢M,,, careful use of Lemma?2 yields /1 'Me
M, .. Consequently, either t 'MeM,  , or t—'MeM .
(2) 1If we(0)=0, the function w, defined by w,(z) ==z " wy(z), ze D,
satisfies w e W_,_ (" 'M), whence t 'MeW, .
(3) Let wy(0)#0 and assume t~ 'Me®,,, . Then W_, (17 'M)=
{w,}. The function W, defined by Wy(z) := zw,(z) belongs to W _,{M) and
satisfies Wwy(0)=0. Hence W _, (M) contains at least two elements w, and

Wwy. But this is impossible due to Theorem 1(ii). Consequently, we have
T 'MeM,. |

We are now going to investigate problems depending on a real
parameter. For this end we consider a family {M,}, . . ., of curves which
satisfy the following conditions

(i) O<d<oo=M,e,
(i) O<i<pu<oo=M,cintM, (2.9}
(iti) The mapping R, —» MM, A+ M, is continuous.

In [13] existence and dependence on A of solutions to the family of

RHP’s tr wc M, were examined. Since each M belongs to exactly one

class MM, it is a natural question to ask in which way the index & can
change if 2 varies.

640/61/3-5
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LemMa 4. If M, e, then there exists an ¢ >0 such that M, €M, for
all u=zA—es.

Proof. The assertion immediately follows from Lemma 1 and the above
hypotheses (ii) and (iii). |}

LemMA 5. Suppose M, eI, with 1 <k < 0. Then
(i) u<i=M,eM,
(i) u>i=M,eM,.

Proof. Since M,eIM,, 0 <k < oo, the set 4(M;) contains exactly one
element wye H® n C. This function satisfies tr wy < M (cf. Theorem 1(ii)).
The assumption (ii) leads to tr w, < int M, if 4> A; for that reason asser-
tion (ii) holds. On the other hand, 4(M,) is a subset of A(M;) for p<2
and can contain at most the function wy. But this is impossible because of
(2.9), since tr woc M ;. Thus we have #4,=0 and assertion (i) follows
from Theorem 1(iii). |

The next, much deeper, result is, in a sense, a conversion of Lemma 5.

LemMa 6. If M, €M, and M, €M, then there exist exactly one i,
with A, < Ay <A, and exactly one ko> 0 such that the following implications
hold.

j'</,LO:AI;LES"ROO»

A=ldo=>M; €My,

A>ho=>M,ec,.
Proof. We put Ao:=inf{A:M,eM,}. Then, by Lemmad4, M, M,
(1<k< o) Lemma$5 implies M,eM_ if 1<, while Lemma 4 gives

M, eI, if 2> A,. Now the assertion follows from the proof of Theorem 3

in [13]. |
3. GENERALIZED BEST APPROXIMATION BY HOLOMORPHIC FUNCTIONS
In this section the above results will be applied to prove existence and

uniqueness of the generalized best approximation of f in H®. This means
that we seek a wye H* satisfying

dp(f, wo)=dp(f, H”) := wiean°° de(f, w)
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with
dz(f, w) :=ess sup F(¢, w(1)).

teT

We suppose that the distance function F satisfies the following assump-
tions:

FeC(TxC), (3.1)
FeC'((TxC)\trf), (3.2)

F(z, (1)) =0, VieT, (3.3)

F(t, w)>0, Vi, wye{T xC)\trf, {3.4)

‘(—;—E(t, w)]>0, Ve, wie (T x C)\tr £, (3.5)
VCeR, 3C,eR:teT, lw|=2C,=F(t,w)=C. (3.6}

First of all we fix the function f and denote the class of all F satisfying
(3.1)-(3.6) by &. For Fe § let

MY ={{(t,w)eTxC:F(t,w)=4}.
By introducing the system {V,(F,)},. o of neighborhoods
Vo (Fy) ={Fe&: M{cU,(M),Vie (0, 0)}
of Fye @, the set § becomes a Hausdorff space. Note that the mappings

B, Fo>M Fr>MF (3.7)
are continuous.
The classical distance function

Ft,w) :=w—f(1)]

belongs to & if fe C}(T).
To avoid trivialities, in the sequel it will be assumed that f¢ H*.

LemMa 7. If f¢ H® then dp(f, H®)>0 for each Fe§.
Proof. From the assumptions on F one can easily deduce
VieT, Vex>0, 30>0: F(t,w)<d=|w—f(5)| <e (3.8)
The existence of a sequence {w,} « H* with d{f, w,)— 0 gives that

¥6>0, 3ngeZ,:n=ne=>esssup Flz, w,(1)) <4. {39}
teT
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From (3.8), (3.9), and the compactness of T we get that
Ve>0, dngeZ, :nzng=|w,—fl 01 <6

ie., the convergence of w, to f in L*(T). But this is only possible if
feH=. |

The next theorem shows the existence and the uniqueness of the best
approximation. Moreover, it characterizes the nearest function woe H®

to f.
THEOREM 2. For each Fe § the following assertions hold,

i) There exists a unique function wy€ H*® satisfying
q 0 Y

dp(f, wo) = dp(f, H”). (3.10)

(il) A function woe H® is the best approximation for f (in the sense of
(3.10)) if and only if

woe H* N C, (3.11)
wind(wy—f)=: —ky <0, (3.12)
F(t, wy(2))=const. (3.13)

Remark 1. Relation (3.11) can be replaced by woe H N W,
(1<p< ), W, being the Sobolev space on T.

Remark 2. The equations (3.12) and (3.13) coincide with the charac-
terization of the best approximation given by Helton and Howe, because

oF
wind(wo —f) = —wind — (-, wg).
ow

Proof. (1) Lemma 7 implies that M¥e M if A<d:=dg(f, H®).

(2) For A>sup,.; F(£,0) we have trO=T x {0} cint M%, hence
Mfe,.

(3) Lemma 6 in conjunction with the first two steps ensures the
existence of Ay and &k, > 0 with

MIem, if A<,
MPeW, if A=A,
MPeMy,  if A> i

From Theorem 1 it follows that d = A,. Obviously, the only function w, in
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A,, is the unique solution of the approximation problem. Theorem 1(ii)
gives (3.11)-(3.13).

(4) Conversely, let the function w, fulfill (3.11) (3.13). With

Ag 1= F(t, wy(1)), the function w is a solution of the RHP trw< M}, and

from (3.13) one sees that woe W_, (M7%). Therefore we have M; e,

with ko> 1. Lemma 5 gives M{e M, for 1> 1, and M5e M, for A< iy,
Consequently w, is the best approximation of f. §

Our final concern is the influence of small perturbations to the best
approximation. We first think of f as being fixed and only of the distance
function F as being subject to small variations.

For given Fe§ we denote by w, the solution of the approximation
problem. The set & is decomposed into the classes

T ={Fe& :windwy—f)=—k}, k=12 ...

A conjecture raised by Helton [5, p.362] states that generic F should
belong to &,. The next theorem (and Theorem 4) confirms this expectation
(for functions F in §).

THEOREM 3. The set &, is an open dense subset of &.
Proof. (1) Suppose Foe &, ie.,
Mngeiml, (3.14)

where dy :=dp(f, H*). From Lemma2 we infer that tM2eM,. From
Lemma 4 one can now conclude the existence of a positive number ¢ such
that

tM f;(‘)’_ .M,

The continuity of the maps (3.7) along with Lemma 1 guarantees the
existence of 0 >0 such that tM% _, e M, for each Fe V,(F,). Hence,

Fe Vy(F,), Azdy—e=>tMeW,. (3.15)
By reducing 6, if necessary, one can achieve that
FeVs(Fo)=M} _ cint M. (3.16)
Combining of (3.14) and (3.16) gives

Fe V,;(FO):>M§0_669ROC,

and this implies

FeVy(Fy)= dpi=ddf, H®)>dy—¢.

640/61/3-6
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Therefore (3.15) applies for 4 = A.. The result is that
FeVy(Fy)=tM} €M,. (3.17)

On the other hand, we have M} €M, with 1 <k =k(F) < co and therefore
Lemma 2 feads to

FeVs(Fo)=tMf e, _,. (3.18)

Comparing (3.17) and (3.18) we find k=1, hence M} eM,, and thus
Vs(Fy) =&, ie, & is an open subset of F.

(2) Tt remains to prove that &, is dense in §. For this end let Fye &
be a function which is not in &,. Then F,e&,, with 2<k<o0. Put
do 1= dp(f, H).

We choose a real-valued function n: R, - R, U {0} satisfying the
relations

neC>, 0<y(x) <1, VxeR,,
n(x)=0, Vx e (0, dy/2), n(x)=1, VYxe(dy, o).
If the positive number ¢ is sufficiently small then the function F, defined by
F.(t, w):=Fy(t, w—en(Fo(t, w—set ")) t71)
belongs to §&; moreover F,e V,(F,). Note that
My =M +s™ !, (3.19)

with the abbreviation M% =M, &>0.
From Lemma 2 we obtain

MY eM, M €My, .., "M eM,. (3.20)

In particular, the relation
tMgOEmik_l (3'21)

(with £ —13>1) shows that the RHP tr w = 1M has a unique solution w,.
An application of Lemma 3 to M :=tM 20 gives wy(0)=0. Relation (3.19)
implies that w, :=w, + ¢ is the only solution of the RHP tr w < tM?, . Since
w,(0)=¢#0, we have M’ e M, (see Lemma 3 again). This yields

d,:=dp(f, H®) > d,, (3.22)
which together with (3.21) and Lemma 5 implies

M, € My, (3.23)
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By definition (3.22) we have M5 e, (1<n< o), and by Lemma 2 it
follows that tM% e M, _,. Comparing this with (3.23) one obtains n=1,
ie, F,e&, foreache>0. 1§

In connection with certain applications a slightly modified concept of
perturbation is suggested. We fix a distance function F satisfying the condi-
tions (3.1)-(3.6) with respect to f=0 and define the distance d{f, H*) of
an arbitrary function fe C(T) to H® by

d(f, H*) = inf esssup F(z, w(z) —f (1))

weH® o7

The best approximation of f in this sense is denoted by w,. We introduce
the subclasses €, of C'(T) by

€= {fe C{T)\H*: wind(w,—f) = —k}.

In addition, we put €,=H>C'. This produces the decomposition
CY{T)=C€,u€, UC,u --- Again only the class €, is generic:

THEOREM 4. G, is an open dense subset of C*(T).

Proof. (1) As can easily be checked, for f, e C*(T)\ €, there exists an
¢>0, such that d(f, H*)> >0 provided that || f—f,|l « <e&. Therefore a
perturbation of f, can be interpreted as variation of the distance function
F for fixed f;. This problem was already considered above.

(2) For f,e€, we define f,(r) :=fy(¢) +ar ™' and show that f,e@,,
for each xeC\ {0}. Let

MG :={(t,w)eTxC:F(t, w—fo(t) —ar ") =4}.

The functions w, :=tf,+« extend holomorphically intoc D and satisfy
w,{¢)eint tM5. Therefore

IMZeM,,  YAi>0. (3.24)

Since f, (with a# 0) does not belong to H* we have 4, :=d(f,, H*)>{.
By the definition of 4,, one gets M5 e Wi, (1<k<oco) and taking into
account (3.24) we conclude from Lemma 2 that M7 e9R,. This means

faecgl I

Remark. 1In a similar manner the implication
k#1, feQ, aecC\{0}=f+oar 'eC,

can be proved.
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